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Abstract
A pair of scattering potentials are called α-equivalent if they have identical scattering
properties for incident plane waves with wavenumber k ≤ α (energy k2 ≤ α2.) We use a
recently developed multidimensional transfer-matrix formulation of scattering theory to obtain
a simple criterion for α-equivalence of complex potentials in two and three dimensions.
One of the basic results of potential scattering is the uniqueness of the solution to the inverse
scattering problem. This means that under fairly general conditions on the scattering potential,
the information about its scattering properties for incident waves of all wavenumbers determines
the potential in a unique manner [1]. This is a mathematical result with a rather limited practical
impact, because for a realistic scattering problem the scattering data can be collected only for a
finite range R of values of the incident wavenumber. The application of the inverse scattering
prescriptions to such an incomplete scattering data cannot yield a unique potential, because the
information about the scattering properties outside R is missing. What one can hope for is to
identify the class of potentials whose scattering properties coincide in R. To the best of our
knowledge a complete solution of this partial inverse scattering problem is still out of reach. The
purpose of the present article is to offer a rather general solution for this problem in two and three
dimensions for the cases that R is a finite interval of the form (0, α] and the potentials are allowed
to take complex values.
Among the best known tools for carrying out scattering calculations in one dimension is the
notion of transfer matrix [2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. This is a complex 2× 2 matrix whose entries
determine the reflection and transmission amplitudes of the potential [9]. A remarkable property
of the transfer matrix which makes it into an effective tool for performing scattering calculations is
its composition property [11]; if we slice a scattering potential v(x) into a finite number of pieces,
v1(x), v2(x), · · · , vn(x), such that v(x) =
∑n
ℓ=1 vℓ(x) and the support of vℓ(x) lies to the left of
that of vℓ+1(x), then the transfer matrix of v(x) takes the form MnMn−1 · · ·M1, where Mℓ is the
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transfer matrix of vℓ(x). Ref. [12] offers a curious explanation for this behavior by identifying the
transfer matrix of v(x) with the the S-matrix of a fictitious nonunitary two-level quantum system.
This in turn paves the way for the development of a comprehensive transfer-matrix formulation of
scattering theory in two and three dimensions [13]. In exploring the applications of this formulation
in two-dimensions we were led to the following surprising observations:
1. Given a wavenumber scale α, there is an infinite class of scattering potentials in two-dimensions
that are invisible for every incident plane wave with wavenumber k ≤ α, [14]. In other words,
for these wavenumbers, they have the same scattering properties as the zero potential.
2. Consider potentials of the form
v(x, y) = δ(x)
∞∑
n=−∞
zn e
inα1y, vN(x, y) = δ(x)
N∑
n=−N
zn e
inα1y, (1)
where δ(x) denotes the Dirac δ function, zn are a sequence of real or complex numbers for
which the Fourier series
∑
∞
n=−∞ zn e
inα1y converges, α1 is a positive real parameter, and N
is a nonnegative integer. Then v and vN have identical scattering properties for incident
wavenumbers k < αN , where αN := α1(N + 1)/2, [15].
Both of these concern different potentials sharing the same scattering features in an extended range
of wavenumbers.
Let us use the term “α-equivalence” to refer to the property of having identical scattering
properties for all incident waves having a wavenumber k ≤ α. The purpose of the present article is
to give a simple criterion for the α-equivalence of scattering potentials in two and three dimensions.
Our main tool is the multidimensional transfer-matrix formulation of scattering theory that we have
developed in Refs. [13, 16]. We therefore begin with a brief review of this formulation.
First, we consider potential scattering in two dimensions.
Let v(x, y) be a possibly complex-valued scattering potential. We use the symbol v˜(x,Ky) to
denote the Fourier transform of v(x, y) with respect to y, i.e.,
v˜(x,Ky) := FKy{v(x, y)} :=
∫
∞
−∞
dy e−iKyyv(x, y),
introduce the function spaces:
F
d
k :=
{
φ : R→ Cd
∣∣∣φ(p) = 0 for p /∈ (−k, k)},
with d = 1, 2, and use v˜(x,Ky) to define an integral operator, v(x, i∂p) : F
1
k → F 1k , via
[v(x, i∂p)φ](p) :=

1
2π
∫ k
−k
dq v˜(x, p− q)φ(q) for |p| < k,
0 for |p| ≥ k.
(2)
Now, consider the quantum system whose state vectors Φ belong to F 2k and whose dynamics is
determined by the Schro¨ndinger equation, i∂xΨ(x) = H(x)Ψ(x), where x plays the role of ‘time,’
H(x) : F 2k → F 2k , as defined by
[H(x)Φ](p) :=
1
2̟(p)
e−i̟(p)xσ3v(x, i∂p)K e
i̟(p)xσ3Φ(p), (3)
2
is the Hamiltonian operator,
̟(p) :=
√
k2 − p2, K := σ3 + iσ2 =
[
1 1
−1 −1
]
, (4)
and σi are the Pauli matrices [13]. Let U(x, x0) denote the evolution operator for this system. By
definition, it satisfies:
i∂xU(x, x0) = H(x)U(x, x0), U(x0, x0) = I, (5)
where x0 is an initial value of x, and I is the 2 × 2 identity matrix. It is customary to express the
solution of (5) as the time-ordered exponential [17]:
U(x, x0) = T exp
[
−i
∫ x
x0
dx′H(x′)
]
,
where T stands for the time-ordering operation with x playing the role of time.
The transfer matrix for the potential v(x, y) is given by
M = U(∞,−∞) = exp
[
−i
∫
∞
−∞
dxH(x)
]
. (6)
It is a 2× 2 matrix M with operator entries Mij acting in F 1k , [13]. This notion of transfer matrix
shares the basic properties of its well-known one-dimensional analog [9, 10, 11]. In particular, it
obeys a similar composition rule and encodes all the information about the scattering features of
the potential [13].
To elucidate the relevance of the transfer matrix (6) to the scattering problem for the poten-
tial v(x, y), we consider scattering solutions, ψl(x, y) and ψr(x, y), of the Schro¨dinger equation,
[−∇2 + v(x, y)]ψ(x, y) = k2ψ(x, y), that are respectively associated with an incident wave whose
source resides at x = −∞ and x = +∞. We refer to these as “left-incident” and “right-incident”
waves and denote the corresponding scattering amplitude by f l(θ) and f r(θ), respectively. This
means that ψl/r(x, y) satisfies the following asymptotic boundary condition.
ψl/r(r) = eik
l/r
0
· r +
√
i
kr
eikrf l/r(θ) as r →∞, (7)
where we have identified (x, y) with the position vector: r = x eˆx + y eˆy, eˆj is the unit vector
along the j-axis, k
l/r
0 is the wave vector for the left/right incident wave (with |kl/ri | = k and the
x-component of k
l/r
0 taking positive/negative values), and (r, θ) are polar coordinates of r. The
scattering amplitudes f l/r(θ) turn out to admit the following expression [13, 14, 16].
f l/r(θ) = −ik| cos θ|√
2π
×
{
T
l/r
− (k sin θ) for cos θ < 0,
T
l/r
+ (k sin θ) for cos θ > 0,
(8)
where
T l
−
(p) = −2πM−122 M21δ(p− p0), (9)
T l+(p) = 2π
[
M11 − 1−M12M−122 M21
]
δ(p− p0), (10)
T r
−
(p) = −2π [1−M−122 ] δ(p− p0), (11)
T r+(p) = 2πM12M
−1
22 δ(p− p0). (12)
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Equations (8) – (12) reduce the solution of the scattering problem for the potential v(x, y) to the
determination of the transfer matrix M and the inversion of M22, which is an integral operator
acting in F 1k . Details of the application of this approach for solving specific scattering problems
are given in Refs. [13, 15, 18].
The transfer-matrix formulation of potential scattering in two dimensions provides a convenient
framework for the study of invisible potentials. To see this, first we note that according to (3) and
(4) the Hamiltonian operator H(x) depends on the wavenumber k. In light of (6), this implies that
the same holds for the transfer matrix M. If H(x) vanishes for a range of values of k, say R, M
coincides with the identity operator acting in F 2k for k ∈ R. This means that
M11 = M22 = I, M12 = M21 = O, (13)
where I and O respectively label the identity and zero operators acting in F 1k . Substituting (13)
in (9) – (12) and using the result in (8), we find T
l/r
± (p) = 0 and f
l/r(θ) = 0. Therefore v(x, y) is
invisible for k ∈ R. In Ref. [14], we employ this argument to prove the following theoem.
Theorem 1: Let α be a wavenumber scale. Then a scattering potential v(x, y) is invisible for
incident waves with wavenumber k ≤ α, if
v˜(x,Ky) = 0 for Ky ≤ 2α. (14)
The proof of this theorem relies on the observation that whenever (14) holds, the right-hand side
of (2) vanishes for k ≤ α. Therefore, H(x) vanishes, M coincides with the identity operator, and
v(x, y) is invisible for this range of values of k.
Now, consider a pair of scattering potentials v1(x, y) and v2(x, y), with scattering amplitudes
f
l/r
1 (θ) and f
l/r
2 (θ), transfer matrices M1 and M2, and the associated Hamiltonians, H1(x) and
H2(x). Suppose that for k ∈ R, H1(x) = H2(x). Then the transfer matrices M1 and M2 coincide,
and we can use (8) – (12) to infer that v1(x, y) and v2(x, y) have identical scattering amplitudes;
f
l/r
1 (θ) = f
l/r
2 (θ) for k ∈ R. (15)
A quick examination of (3) shows that H(x) has a linear dependence on v. This allows us to identify
the condition H1(x) = H2(x) with δH(x) = 0, where δH(x) is the Hamiltonian operator (3) with
δv := v2 − v1 playing the role of v. This observation together with Eqs. (2) and (3) prove the
following result.
Theorem 2: Let R be a range of values of the incident wavenumber k. Then a pair of scattering
potentials, v1(x, y) and v2(x, y), have identical scattering properties for k ∈ R, if the potential
given by their difference, namely δv(x, y) := v2(x, y)− v1(x, y), is invisible for k ∈ R.
If v2(x, y) is obtained from v1(x, y) by adding an extra piece, namely δv(x, y), such that along
the x-axis the support of δv(x, y) lies to the left (respectively right) of that of v1(x, y), i.e., there is
some a ∈ R such that δv(x, y) = 0 for x > a and v1(x, y) = 0 for x < a (respectively δv(x, y) = 0
for x < a and v1(x, y) = 0 for x > a), then the statement of Theorem 2 is rather trivial. It is also
very easy to verify this statement for weak potentials where the first Born approximation is reliable
[16]. Note however that Theorem 2 is a non-perturbative result holding for both weak and strong
potentials with arbitrary supports. In particular, it applies to cases where v1(x, y) and v2(x, y) are
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strong potentials with supports of δv(x, y) and v1(x, y) overlaping in one or several regions of space.
For these potentials the statement of Theorem 2 is highly nontrivial. The generality of this theorem
and the simplicity of its proof signify the effectiveness of the transfer matrix formulation of the
scattering theory in two dimensions.
Combining Theorems 1 and 2, we arrive at the following criterion for α-equivalence.
Theorem 3: Let α be a wavenumber scale. Then a pair of scattering potentials, v1(x, y) and
v2(x, y), are α-equivalent, if
v˜1(x,Ky) = v˜2(x,Ky) for Ky ≤ 2α. (16)
Condition (16), which we can also state as: “δ˜v(x,Ky) = 0 for Ky ≤ 2α,” is equivalent to [14]:
v2(x, y) = v1(x, y) + e
2iαyu(x, y), (17)
where u(x, y) is a function whose Fourier transform with respect to y vanishes in the negative
Ky-axis, i.e.,
u˜(x,Ky) = 0 for Ky ≤ 0. (18)
For a fixed x, u(x, y) belongs to the unidirectionally invisible potentials in one dimension that are
studied in Refs. [19, 20]. See also Refs. [21, 22, 23, 24].
It is easy to see that (18) is equivalent to: u(x, y) =
∫
∞
0
dKy e
iyKyf(Ky), where f : [0,∞) → C
is any function satisfying
∫
∞
0
dKy |f(Ky)| < ∞. We can use this observation together with (17) to
establish the following characterization of α-equivalent potentials in two dimensions.
Theorem 4: Let α be a wavenumber scale. Then a pair of scattering potentials, v1(x, y) and
v2(x, y), are α-equivalent, if there is a function f : [0,∞) → C such that
∫
∞
0
dq |f(q)| exists
(is finite) and
v2(x, y) = v1(x, y) + e
2iαy
∫
∞
0
dq eiyqf(q). (19)
Theorems 1-4 admit the following three-dimensional generalizations.
Theorem 5: Let v(x, y, z) be a scattering potential, and v˜(Kx,Ky, z) be the Fourier transform
of v(x, y, z) with respect to x and y. Then v(x, y, z) is invisible for incident waves with
wavenumber k ≤ α, if
v˜(Kx,Ky, z) = 0 for
√
K2x + K
2
y ≤ 2α. (20)
Theorem 6: Let R be a range of values of the incident wavenumber k. Then a pair of scattering
potentials, v1(x, y, z) and v2(x, y, z), have identical scattering properties for k ∈ R, if the
potential given by their difference, namely δv(x, y, z) := v1(x, y, z)− v2(x, y, z), is invisible for
k ∈ R.
Theorem 7: A pair of scattering potentials, v1(x, y, z) and v2(x, y, z), are α-equivalent, if
v˜1(Kx,Ky, z) = v˜2(Kx,Ky, z) for Kx ≤ 2α and Ky ≤ 2α. (21)
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Theorem 8: A pair of scattering potentials, v1(x, y, z) and v2(x, y, z), are α-equivalent, if there
is function f : [0,∞)× [0,∞)→ C such that ∫∞
0
dqx
∫
∞
0
dqy |f(qx, qy, z)| exists and
v2(x, y, z) = v1(x, y, z) + e
2iα(x+y)
∫
∞
0
dqx
∫
∞
0
dqy e
i(xqx+yqy)f(qx, qy, z). (22)
We can prove these theorems by pursuing the same approach that led us to the proof of Theorems
1-4. In particular, we make use of the following observations [13, 16]:
(i) The scattering amplitude for a scattering potential v(x, y, z) may be expressed in terms
of the entries of the corresponding transfer matrix. This is a 2 × 2 matrix M with operator
entries acting in F 1k , where F
d
k is the space of test functions φ : R
2 → Cd vanishing outside
the disk Dk :=
{
~p ∈ R2 ∣∣ |~p| < k}, i.e.,
F
d
k :=
{
φ : R2 → Cd ∣∣ φ(~p) = 0 for |~p| ≥ k2 } ,
where ~p := pxeˆx + pyeˆy and 0 stands for the zero element of C
d.
(ii) M may be expressed as the time-ordered exponential of an effective k-dependent Hamilto-
nian operatorH(z) acting in F 2k , with z playing the role of time, i.e.,M = T exp
[
−i ∫∞
−∞
dzH(z)
]
,
where for all Φ ∈ F 2k ,
[H(z)Φ](~p) :=
1
2̟(~p)
e−i̟(~p)zσ3v(i~∂p, z)K e
i̟(~p)zσ3Φ(~p), (23)
v(i~∂p, z) := v(i∂px , i∂py , z) is the operator acting in F
1
k according to[
v(i~∂p, z)φ
]
(~p) :=
1
4π2
∫
Dk
d2~q v˜(~p− ~q, z)φ(~q), (24)
and v˜(~K, z) := v˜(Kx,Ky, z) is the Fourier transform of v(x, y, z) with respect to x and y.
(iii) v(x, y, z) is invisible for a range of values of the wavenumber k, if M coincides with the
identity operator I acting in F 2k for these values of k. The latter holds if H(z) vanishes.
(iv) H(z) is a linear function of the potential v(x, y, z). In particular, if H1(z), H2(z), and
δH(z) are the Hamiltonians corresponding to potentials v1(x, y, z), v2(x, y, z), and v2(x, y, z)−
v1(x, y, z), then δH(z) = H2(z)−H1(z).
(v) Condition (21) is equivalent to v(x, y, z) = e2iα(x+y)u(x, y, z), where u : R3 → C is a
function such that u˜(Kx,Ky, z) = 0 for Kx ≤ 0 and Ky ≤ 0. This in turn implies that
u(x, y, z) =
∫
∞
0
dKx
∫
∞
0
dKy e
i(xKx+yKy)f(Kx,Ky, z) for some function f : [0,∞) × [0,∞) → C
with finite
∫
∞
0
dqx
∫
∞
0
dqy|f(qx, qy, z)|.
Theorem 5 is a consequence of (iii) and the fact that whenever (20) holds, the right-hand side of
(24) and consquently H(z) vanishes for k ≤ α. Theorem 6 follows from (ii), (iii), and (iv). To prove
Theorem 7, we note that Kx ≤ 2α and Ky ≤ 2α imply
√
K2x + K
2
y ≤ 2α and make use of Theorem 5
to show that δv := v2 − v1 is invisible for k ≤ α. This together with Theorem 6 imply Theorem 7.
Theorem 8 follows from (v) and Theorem 7.
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As an example of the application of Theorem 8, consider taking
f(qx, qy, z) = z˜ q
nx
x q
ny
y e
−(axqx+ayqy)e−z
2/2a2z ,
where z˜ is a real or complex coupling constant, ax, ay, and az are positive real parameters, and nx
and ny are positive integers. Then, condition (22) for the α-equivalence of v1 and v2 takes the form:
v2(x, y, z) = v1(x, y, z) +
z e2iα(x+y)e−z
2/2a2z
(x/ax + i)
nx+1 (y/ay + i)
ny+1
, (25)
where z := nx!ny! z˜/[(−iax)nx+1(−iay)ny+1].
In summary, we have investigated the application of the transfer-matrix formulation of scattering
theory in the study of complex scattering potentials with identical scattering features for an extended
range R of values of the incident wave number. In particular, we have offered a rather general
solution of this problem for the scattering of scalar waves in two and three dimensions whenever
R is a finite interval of the form (0, α]. This is the problem of characterizing α-equivalent complex
potentials in two and three dimensions. Our solution is surprisingly simple and powerful in the
sense that we can use it to construct large classes of α-equivalent potentials without restricting
their support or invoking perturbation theory. We attribute the simplicity and generality of this
solution to the effectiveness of the transfer-matrix formulation of potential scattering in two and
three dimensions [13].
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